The ground state of the bilayer Kitaev model with the Heisenberg-type interlayer exchange interaction is investigated by means of the exact diagonalization. Calculating the ground-state energy, local quantity defined on each plaquette, and dynamical spin structure factor, we obtain results suggesting the existence of a quantum phase transition between the Kitaev quantum spin liquid (QSL) and dimer singlet states when the interlayer coupling is antiferromagnetic. On the other hand, increasing the ferromagnetic interlayer coupling, there exists no singularity in the physical quantities, suggesting that the S = 1/2 Kitaev QSL state realized in each layer adiabatically connects to another QSL state realized in the S = 1 Kitaev model. Thermodynamic properties are also studied by means of the thermal pure quantum state method.
I. INTRODUCTION
Recently, quantum spin liquid (QSL), which is an exotic magnetic state with no long-range order even at zero temperature, has attracted much interest in modern condensed matter physics [1] . One of the celebrated examples is a ground state of the one-dimensional quantum spin Heisenberg model, where the gap formation reflects the topological nature of spins [2, 3] ; low-energy excitations are gapless for the half-integer spins and gapped for the integer spins. These interesting ground-state properties have been examined numerically [4, 5] . Furthermore, its qualitative difference has been discussed by studying the interpolating models such as the double spin S = 1/2 chains coupled by the ferromagnetic exchange interaction [6, 7] . In the system, the introduction of the interchain interaction immediately induces the gapped state. This implies that the gapless QSL state possesses an instability against the perturbations, while the gapped state is more stable.
Another interesting example is the QSL state in the two-dimensional Kitaev model with three kinds of bonddependent Ising interactions for S = 1/2 spins [8] . It is known that this model is exactly solvable and spin degrees of freedom are decoupled to itinerant Majorana fermions and Z 2 fluxes. Although elementary excitations are gapless, there exists a gap in the spin excitations with short-range spin correlations [9, 10] . Therefore, this gapless QSL state should be stable, in contrast to the QSL state in one dimension. So far, the stability of the QSL in the S = 1/2 Kitaev model has been examined in the presence of perturbations such as magnetic field [11] [12] [13] , Heisenberg interactions [14] [15] [16] [17] [18] , inverse of the spinorbit coupling [19] and interlayer couplings [20] [21] [22] .
In addition to the S = 1/2 Kitaev model, its generalizations to arbitrary spin amplitudes S have also shortranged spin correlations, suggesting gapped spin excitations [23] . However, less is known for the generalized spin-S Kitaev models, particularly for their spin excitation spectra. In our previous paper [24] , the S = 1 Kitaev model has been considered and it has been clarified the presence of low energy excitations from the ground state and two energy scales observed separately in the thermodynamic quantities. These results naively expect that the generalized Kitaev model has common magnetic properties. On the other hand, it has been reported that, in the anisotropic Kitaev model with one of the three kinds of bonds being large, the effective Hamiltonian depends on the parity of 2S; its ground state is quantum (classical) for half-integer (integer) spins [25] . Therefore, it is instructive to clarify the connection between these different spin sectors in the QSL states of the isotropic Kitaev model.
In our paper, we consider the bilayer Kitaev model with the Heisenberg-type interlayer exchange interactions [20] . When the interlayer ferromagnetic exchange interactions are large enough, the system is reduced to the S = 1 Kitaev model [24] . Therefore, this bilayer model has an advantage in discussing how the QSL state for the S = 1/2 Kitaev model is connected to that for the S = 1 Kitaev model. By using numerical techniques, we study the bilayer Kitaev model to discuss the essence of the ground state properties in the generalized Kitaev model [23] [24] [25] [26] .
The paper is organized as follows. In Sec. II, we introduce the bilayer Kitaev model and derive the effective model in the strong ferromagnetic interlayer coupling limit. In Sec. III, we study the ground-state properties by means of the exact diagonalization. Calculating thermodynamic quantities by means of the thermal pure quantum (TPQ) state method [27, 28] , we discuss a double peak structure in the specific heat characteristic of the Kitaev model. A summary is given in the final section.
II. MODEL AND METHODS
We consider here the bilayer Kitaev model [20] , where two monolayer Kitaev models are coupled by the Heisenberg interactions. The Hamiltonian is described as,
where S α i,n is the α(= x, y, z) component of the S = 1/2 operator at the ith site on the n(= 1, 2)th layer. The inplane bond-dependent Ising-type interaction J K (> 0) is defined on the three kinds of bonds such as x-, y-, and z-bonds linking nearest neighbor sites. J H is the Heisenberg interlayer coupling. The model is schematically shown in Fig. 1(a) . In the paper, we mainly study ground What is the most important is that this bilayer Kitaev model is reduced to the interesting models in certain limits. When J H = 0, two layers are decoupled and the system is represented by two exactly solvable monolayer Kitaev models. It is known that, in the monolayer model, a QSL state is realized at zero temperature, where the fractionalization of quantum spins yields gapless Majorana excitations and gapful spin excitations. On the other hand, in the case J H → −∞, the spin triplet state is realized at each site. In the case, the effective Hamiltonian is shown to be described by the S = 1 Kitaev model as
where
is the α component of the S = 1 operator at the ith site. It is clarified that its ground state is nonmagnetic [23] , and its excitation is suggested to be gapless [24] . Furthermore, it has been clarified that the double peak structure appears in the specific heat [24, 26] . In the paper, we systematically examine the bilayer Kitaev model to clarify how the nonmagnetic states for the S = 1/2 and S = 1 Kitaev models are connected to each other.
We briefly comment on the conserved quantities in the bilayer Kitaev model [20] . We consider the following operator defined on a certain plaquette p, as
where σ α pi,n is the α component of the Pauli matrix at the i(= 1, 2, 3, 4, 5, 6)th site on the plaquette p in the nth layer [see Fig. 1(b) ]. We note that W pn defined on the nth layer is a local conserved quantity for the monolayer Kitaev model [8] . The operator X p for each plaquette p commutes with the bilayer Hamiltonian Eq. (1), which guarantees no long range magnetic order in the system [20] . Given that X 2 p = 1, X p is confirmed to be a Z 2 conserved quantity. In addition, there exists a global parity symmetry for the number of local singlets and triplets on the sites in the bilayer system [20] . The corresponding parity operators are
where |s i and |t α i are singlet and α(= x, y, z) triplet states on the ith dimer site.
Since the operators H, X p , P S , and P Tα commute with each other, the subspace of the Hamiltonian should be specified by S[{p tα }, {x p }], where p tα (= ±1) and x p (= ±1) are the eigenvalues of P Tα and X p , respectively. Note that the eigenvalue of P S is uniquely determined by {p tα } and the number of dimer sites, N .
The original Hamiltonian is explicitly represented by the set of smaller matrices defined in the subspace S[{p tα }, {x p }], which enables us to perform the exact diagonalization (ED) with the finite size clusters up to 24 sites. When we consider several clusters shown in Fig. 1(c) , the ground state written by |Φ 0 always belongs to the subspace S[{p α t = 1}, {x p = 1}] and is nondegenerate when J H = 0. We then evaluate the static quantities E 0 (= H ) and W pn to study quantum phase transitions in the system. To discuss the spin excitation in the system, we also calculate the dynamical spin structure factor, which is defined as
where ω + = ω + iδ + . The quantity can be evaluated by the continued fraction expansion [29, 30] as,
where a i and b i are the ith diagonal and off-diagonal elements of the Hamiltonian tridiagonalized by the Lanczos method with the initial vector S α qn |Φ 0 . Here, S αβ n (q, ω) (α = β) are zero due to the existence of the local conserved quantity in the system.
We also study finite temperature properties to clarify how unique features in the generalized Kitaev models, namely, double peak structure in the specific heat and the plateau in the entropy at ln(2S + 1)/2, appear in the bilayer Kitaev model. To this end, we make use of the TPQ state method [27, 28] , which is one of the powerful methods to evaluate thermodynamic quantities in the system. In the calculations, we prepare more than 10 random vectors for the initial states, and thermodynamic quantities are deduced by averaging the values generated by these states.
III. RESULTS
First, we start with the ground state properties of the bilayer Kitaev model. Figure 2(a) shows the ground energy E 0 as a function of λ(= J H /J K ) obtained by the exact diagonalizations for several clusters. When λ > 0.2, the present results are in a good agreement with the results obtained by the dimer expansion [20] , meaning that the dimer singlet state is realized in the region. On the other hand, increasing the ferromagnetic interlayer coupling, the ground state energy approaches that for the S = 1 Kitaev model E/N = J H /4 − 0.65J eff , as shown in Fig. 2(a) . We note that the system size dependence appears around λ = 0, which is clearly shown in the inset of Fig. 2(a) . Since ground state properties for a finite cluster are sensitive to the low lying excitations, this finite size effect may suggest that the gapless QSL state is stable even for finite λ. To examine this, we also show the second-order derivative of E 0 in Fig. 2(b) . In the positive λ region, we find that the peak structure around λ ∼ 0.05 develops with increasing N . This strongly suggests the existence of the quantum phase transition. On the other hand, in the negative λ region, we could not find such a clear signature in the curves although a broad and small peak is found around λ ∼ −0.1. Therefore, the results suggest the absence of quantum phase transition in the negative λ case. Figure 3 shows the expectation value of W pn . This is a conserved quantity in the monolayer Kitaev model and thereby W pn = 1 for λ = 0. In the bilayer Kitaev model, the quantity is no longer conserved, but it should be appropriate to discuss how the QSL state realized in monolayer Kitaev model survives by the introduction of the interlayer coupling. We find the rapid change around λ ∼ 0.06, suggesting the existence of the quantum phase transition, as discussed above. On the other hand, in the negative λ region, this quantity smoothly changes. In the λ → −∞ limit, W pn ∼ 0.2. This implies that the QSL state in the monolayer Kitaev model is adiabatically connected to the QSL state in the S = 1 Kitaev model. To study ground state properties in more detail, we focus on spin excitations in the system. We calculate the dynamical spin structure factor S(q = 0, ω) = α S αα n (q = 0, ω) for the bilayer Kitaev model with N = 16 and 18. Since their qualitative difference could not be found, we show in Fig. 4 the dynamical structure factor for the N = 18 system. It is found that it takes a large value in the low energy region. Namely, the gap magnitude for the monolayer model λ = 0 is twice larger than the exact result [10] due to the finite size effect. An important point is that the sudden change in the spin structure factor appears around λ ∼ 0.05. This strongly suggests the existence of the quantum phase transition. Since the spin gap is proportional to the exchange coupling J H in the dimer state (λ > 0.05), linear behavior appears in the peak position of the quantity. On the other hand, no clear singularity appears in the lowest energy excitations in the negative λ region, in contrast to the positive case. This means that the crossover occurs between two QSL states at λ = 0 and λ = −∞. To understand this spin excitation in the negative λ region, we also evaluate the ground-state energy in the subspace S 1 where X p = −1 for the adjacent two plaquttes p and X p = +1 for the other plaquettes p . The energy gap ∆ = E[S 1 ] − E 0 is shown as the dashed line in Fig. 4 . We find that the obtained energy gap is consistent with the lower edge of the low-energy peak in the dynamical structure factor. Note that this behavior is similar to that in the S = 1/2 case [10] , where the sharp peak at low temperatures appear slightly above the flux gap. We have also confirmed that the low-energy spin excitation at λ → −∞ coincides with that of the S = 1 Kitaev model in the 18-site cluster. The results suggest that the decoupled Kitaev QSL state realized in each layer adiabatically connects to the QSL state realized in the S = 1 Kitaev model. Next, we discuss thermodynamic properties in the bilayer Kitaev model. It is known that, in the monolayer Kitaev model, the double peak structure results from the spin fractionalization in the specific heat. Similar double peak structure has also been found in the S = 1 Kitaev model and the plateau at S = 1/2 ln 3 appears in the entropy curve. Now, we discuss how these double peak structures are connected to each other. By us- ing the TPQ state method starting from, at least, ten initial vectors, we deduce the thermodynamic quantities at finite temperatures. Figure 5 shows the temperature dependent specific heat and entropy per dimer. When λ = 0, the system is reduced to the decoupled monolayer Kitaev models. In the case, the double-peak structure appears around T /J K ∼ 0.02 and 0.5 in the specific heat and the plateau structure at S = ln 2 in the entropy curve. This is consistent with the Monte Carlo data [31, 32] although finite size effects appears at low temperatures (T /J K < 0.1). As the interlayer interaction is introduced, the specific heat increases at intermediate temperatures 0.1 T /J K 0.5. This im-plies that the plateau region at S/N = ln 2 smears in the entropy curve. In fact, we could not find such a plateau when J H /J K −0.5. On the other hand, the double peak structure in the specific heat still appears even when λ −0.5. This yields another plateau around T /J K ∼ 0.08 in the entropy curve. An important point is that, at low temperatures T /J K 0.08, the entropy data with λ < −0.5 are almost identical. This means that low energy magnetic properties should be described by the S = 1 Kitaev model Eq. (2) . Further decreasing λ induces another plateau in the entropy S/N ∼ ln 3. When λ = −10, this plateau is clearly seen around T /J K ∼ 0.2, and the corresponding peak in the specific heat appears at a relatively higher temperature T /J K ∼ 5. This characteristic temperature should be scaled by the exchange coupling J H . Therefore, this peak indicates the formation of the spin triplet states, which is consistent with the fact that the corresponding entropy ln 4 − ln 3 is released with decreasing temperatures.
IV. SUMMARY
In summary, we have investigated the ground-state and finite-temperature properties of the bilayer Kitaev model using the exact diagonalization up to the 24 dimer sites. The obtained results for the ground-state propertiesthe ground-state energy, local quantity defined on each plaquette, and dynamical spin structure factor-suggest that a quantum phase transition occurs between the Kitaev QSL and dimer singlet states when the interlayer coupling is antiferromagnetic. We would like to note that this is in agreement with our previous paper. On the other hand, the results for the ferromagnetic interlayer coupling indicate that the S = 1/2 and S = 1 Kitaev QSL states adiabatically connect to one another. In addition, we have discussed the thermodynamic quantities using the TPQ state method. The double-peak structure in the specific heat, which is intrinsic to the S = 1/2 Kitaev QSL state, is confirmed to be sustained in the crossover region between the two types of Kitaev QSL states. The present results are expected to stimulate studies on generalized spin-S Kitaev physics.
